Abstract. External barrier options are two-asset options with stochastic variables where the payoff depends on one underlying asset and the barrier depends on another state variable. The barrier state variable determines whether the option is knocked in or out when the value of the variable is above or below some prescribed barrier level. This paper derives the explicit analytic solution of the chained option with an external single or double barrier by utilizing the probabilistic methods -the reflection principle and the change of measure. Before we do this, we examine the closed-form solution of the external barrier option with a single or doublecurved barrier using the methods of image and double Mellin transforms. The exact solution of the external barrier option price enables us to obtain the pricing formula of the chained option with the external barrier more easily.
Introduction
Barrier options are one of the most popular path-dependent derivatives in various markets, particularly in over-the-counter markets and FX markets. The main reasons barrier options have become so popular are flexibility and a lower price compared to vanilla options. Merton [13] first proposed the analytic pricing formula for a barrier option with a lower knock-out boundary. Reiner and Rubinstein [15] derived the closed-form formula for all eight types of barriers with a cumulative normal distribution function. Kunitomo and Ikeda [11] obtained double-barrier options with two curved (exponential) barriers.
An external barrier option is a contract whereby the payoff of an underlying asset is created by the crossing of a barrier determined by a state variable. In other words, in an external barrier option, one underlying asset depends on the actual option payoff, and the other asset depends on whether the option is knocked in or out. Heynen and Kat [6] derived closed-form formulas for t t = ρdt. Based upon the SDEs (2.2), we consider European up-and-out call options where the terminal payoff depends on the underlying asset S t , and the knockout occurs when the barrier state variable Z t breaches the upstream exponential barrier β(t) = U e b(T −t) . If K is the strike price of the option, then, under the risk-neutral measure P * , the price of the up-and-out call with the exponential barrier is given by (2.3) P (t, s, z) := E P * e −r(T −t)h (S T , Z T )|S t = s, Z t = z ,
where the payoff functionh is expressed bỹ h(S T , Z T ) = (S T − K) + 1 {max0≤γ≤T (Zγ −β(γ))<0} .
Using the Feynman-Kac formula in Oksendal [14] , P (t, s, z) leads to the following PDE problem on the domain {(t, x, y) : 0 ≤ t < T, 0 ≤ x < ∞, 0 ≤ y < U }.
Derivation of the external European barrier option price with a single exponential barrier: Double Mellin transform approach
This subsection investigates the price of an external European option with a single exponential barrier. To find an explicit closed-form solution, we use the method of images mentioned in Buchen [1] and a double Mellin transform consistent with Hassan and Adem [5] .
2.2.1. The review of the method of images. Let f (t, x, y) be a differentiable function with respect to (t, x, y). Then, the image function of f (t, x, y) described by f * (t, x, y) = I B f (t, x, y) to the barrier B has the following properties where I B is the image operator with respect to the barrier level B, and L is a parabolic differential operator. Then, for a differentiable functionf (t, x, y), we consider the following PDE (2.6)
Lf (t, x, y) = 0; f (t, B, y) = 0, x < B , t < T f (T, x, y) = g(x), where g(x) is the terminal payoff function off (t, x, y). To solve this PDE (2.6), the following related PDE with an unrestricted domain with respect to x should be considered.
Lf (t, x, y) = 0;
Then, we obtain the solution of the PDE (2.6), which is expressed bỹ
where f * (t, x, y) is the image solution of f (t, x, y).
Review of the double Mellin transform.
Referring to Hassan and Adem [5] , we review the double Mellin transform to solve the PDE with the given final and boundary conditions. For a locally Lebesgue integrable function f (x 1 , y 1 ), x 1 , y 1 ∈ R + , the double Mellin transform is given by
where w 1 and w 2 are complex numbers. If a < Re(w 1 ), Re(w 2 ) < b, and if c 1 and c 2 such that a < c 1 < b and a < c 2 < b exist, the inverse of the double Mellin transform is the complex integral function satisfying
In PDE (2.5), letting W (t, x, y) = V (t, x, U y) andr = r + b, (2.5) is transformed into the following PDE:
To solve the problem (2.7), we must considerw(t, x, y) satisfying the following PDE
with the unrestricted domain {(t, x, y) : 0 ≤ t < T, 0 ≤ x < ∞, 0 ≤ y < ∞}.
Using the PDE method of images stated in Buchen [1] , if we obtain the image solution of the abovew(t, x, y), then we can find the solution of W (t, x, y) in (2.7) by integratingw(t, x, y) and the image solution ofw(t, x, y).
If we definew(t, x, y) as the inverse double Mellin transform ofŵ(t, x * , y * ) satisfyinḡ
and from the solutionŵ(t, x * , y * ) of the ordinary differential equation (2.9), we obtain (2.10)
whereĥ(x * , y * ) is the double Mellin transform ofw(T, x, y) = h(x)1 {y<1} . Hence, to compute (2.10), let us consider
Because e
A(x * ,y * )(T −t) andĥ(x * , y * ) are the double Mellin transforms of B(t, x, y) and h(x)1 {y<1} , respectively, by using the Mellin convolution property stated in Hassan and Adem [5] , we have
To find the value of the double integral in (2.12), we calculateB(t, x, y) in (2.11). The computation of theB(t, x, y) is given by Yoon and Kim [18] and
As mentioned earlier, W (t, x, y) of the PDE problem in (2.7) is expressed as the sum ofw(t, x, y) and the image solution ofw(t, x, y). To find the image solution ofw(τ, x, y), the following lemma is useful.
Proof. By the definition of R(x * , y * ), we obtain
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Then,
where
In (2.13), if we let
(2.14)
Replacing 1 y with y again, and using
Therefore, from Lemma 2.1,w(t, x, y) of (2.12) is described bȳ
and yields
is an image function ofw(t, x, y) satisfyingLw * (t, x, y) = 0. Moreover, the solution of (2.5) is given by
whereV (t, x, y) is a solution ofLV (t, x, y) = 0 with the final conditionV (T, x, y) = h(x)1 {y<U} .
Proof. As described above by the property of the double Mellin transform convolution,w(t, x, y) in (2.12) is a solution of the PDE problem of (2.7). Hence, by the relationship between (2.7) (PDE problem) and (2.12) (Mellin convolution), we note thatw 
at y = 1, and
are satisfied. Hence, by the properties of the image function mentioned in Buchen [1] ,w * (t, x, y) is the image function ofw(t, x, y). Moreover, (2.19) and (2.20) lead toLW (t, x, y) = 0, and by combining (2.19) to (2.22), W (t, x, y) =w(t, x, y) −w * (t, x, y) becomes the solution of the PDE (2.7).
Therefore, the solution of (2.7) is expressed by 
and from W (t, x, y) = V (t, x, U y), V (t, x, y) is given by
whereV (t, x, y) is a solution ofLV (t, x, y) = 0 with the final conditionV (T, x, y) = h(x)1 {y<U} in the unrestricted region {(t, x, y) : 0 ≤ t < T, 0 ≤ x < ∞, 0 ≤ y < ∞}.
Theorem 2.1. The price of the external European call option price with the single exponential barrier, defined by (2.4), is expressed by (2.25)
where N 2 is the bivariate normal cumulative distribution function defined by
Proof. First, Lemma 2.2 shows that theV (t, x, y) is the solution satisfying
whereL is the operator given by (2.5).
To solve the PDE (2.5), we utilize the double Mellin transform technique. First, we solve the PDE (2.26). However, since the payoff function h of the European call option is not bounded, the double Mellin transforms may not exist. Therefore, we modify h by defining a sequence of functions h n such that h n is given by (2.27)
and each h n is bounded and lim n→∞ h n (x, y) = h(x)1 {y<U} .
If we define sequential functionsV n (t, x, y) satisfying the following PDE
where the operator L is described by (2.5), then the limit V (t, x, y) = lim n→∞ V n (t, x, y) should be the solution of the PDE (2.5).
By using the Mellin convolution property, we havē
Here, more detail on the computation of theB(t, x, y) is given by the equation (2.12) in Yoon and Kim [18] .
Therefore, from h n (s,
Then, taking the limit n → ∞ yields
Using a similar method described in Yoon and Kim [18] , to find the value of
and use the method of undetermined coefficients, then
Therefore, by setting p 1 = p + 
Therefore, from this closed-form solution ofV (t, x, y) with respect to the bivariate normal cumulative distribution function, we find the image solution toV (t, x, y). We combine the two results to derive a closed-form formula for the option price V (t, x, v) of the PDE (2.5).
Therefore,
, −ρ .
External European barrier option with the double-curved barrier
This section addresses the price of an external double-barrier option using the image method mentioned by Buchen and Konstandatos [2] and the double Mellin transforms. First, we transform the PDE problem of the external double-barrier option with a boundary and final conditions with a final condition on the extended domain of a barrier state variable. From double Mellin transforms, we derive the pricing formula of the external double-barrier option in the unrestricted region. From the image operators of the method of images, combining the external double-barrier option price in the unrestricted region and the image solution of the option yields the semi-analytic solution of the external European barrier option with the double-curved barrier.
Model formulation
Let us consider the arbitrage-free pricing of double knock-out external barrier call options. A double-barrier option is an option with two barriers, which contains an upstream barrier at α(t) = Ae a(T −t) and a downstream barrier at β(t) = Be b(T −t) . If the barrier state variable Z t reaches one of the two barriers at any time before the expiration, then the nullification of the option contract will be aroused. Then, the price of all double knock-out external barriers is described by
under the risk-neutral measure, and the payoff functionĥ is given by
Using the Feynman-Kac formula, the external double-barrier problem yields the following PDE (3.3)
on the domain {(t, x, z) : 0 ≤ t < T, 0 ≤ s ≤ ∞, β(t) < z < α(t)}, and I is the identity operator.
In a similar manner to the calculation in Section 2, to solve the PDE (3.3), we consider the following related PDE in an unrestricted domain.
, and I is the identity operator. Here, φ(t, s, z) is a solution of the unrestricted initial value (IV) problem (3.4), and the solution of the restricted initial and boundary value (IBV) problem (3.3) is given by P (t, s, z) = φ(t, s, z) − image function of φ(t, s, z) using the PDE method of images mentioned earlier.
To solve the closed-form solution of the PDE (3.4), we take advantage of the double Mellin transform method. The technique obtains the solution of the PDE (3.4) more easily, and the solution is expressed by φ(t, s, z) Buchen and Konstandatos [2] examined pricing formulas of double-barrier options with an arbitrary payoff using an image operator. Based on these results, we find the analytic solution of the external double-barrier option using the image operator of the method of images. Therefore, for double-barrier option pricing with exponential barriers, the following Lemma is useful. Additionally, Lemma 3.1 enables us to find the image operator of the external double-barrier option with curved (exponential) barriers in this section. (3.3) , then the image function of Q with respect to the exponential barrier z = β(t) = Be b(T −t) is given by
σ * 2 − 1 and B are constants mentioned before. Proof. First, we define a function Q b (t, s, z) such that
For any b, if we define the following parabolic PDE operator
By defining Q * b as an image function of Q b with respect to v = B for the PDE operator L r+b , from Lemma 2.2, we obtain
). Hence, the image function of Q with respect to z = β(t) has
Using this lemma, the infinite sequence sum of image operators I α and I β for exponential barrier α(t) and β(t), respectively, which is defined by the following Lemma 3.2, allows us to obtain the semi-analytic solution of the PDE (3.3) in terms of φ(t, s, z). Contrary to the image operator of the external single-barrier option shown in Section 2, the image operator of the external double-barrier option is expressed by any sequence of continuative image operators, similar to Buchen and Konstandatos [2] . Then, the solution of the PDE (3.3) is given by
, where φ(t, s, z) is described by (3.5).
Proof. First, because J β α is the infinite sequence of the image operator, the property of the image operator leads to L J 
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Proof. Using Lemma 3.1, the direct calculations lead to, Q t,
For image operators I α and I β , if we define the image operator T n αβ as a composition of image operators for all integers n > 0,
we obtain the following lemma. . Hence, for n > 0, we define T −n
Proof. The proof of this lemma (a) follows from Lemma 3.3. Also, combining (a) and (b), and using the direct computation, we obtain the formula of J β α , (c). Refer to Lemma 3.7, Lemma 3.9, Corollary 3.8, and Corollary 3.10 in Buchen and Konstandatos [2] .
Hence, from Lemma 3.4,
First, in (3.15) , to find T 
Next, in (3.15) , to find
Hence, by integrating (3.15), (3.17) , and (3.18), we obtain following results.
Theorem 3.1. The unique arbitrage-free price of the external double knock-out call given by PDE (3.3) can be expressed explicitly by the doubly infinite sum in terms of φ(t, s, z) mentioned in (3.5). Then, we obtain the following formula
, and a and b are constants in α(t) = Ae a(T −t) and
Proof. By combining (3.15), (3.17) , (3.18) , and φ(t, s, z) in (3.5), we obtain the semi-analytic solution (3.19) of the external double-barrier European call option.
External-chained single barrier option with curved barriers
This section addresses barrier options where barrier monitoring begins at a random time when the barrier state variable first hits an exponential barrier or two exponential barriers in a specified order. To find the exact-form formula of the external-chained barrier option with the bivariate normal cumulative distribution function, we exploit the pricing formula of the external European call option in Section 2. From the method of reflection principle and the change of measure under risk-neutral probability, we replace the expectation of the external-chained barrier option with the expectation from the external European call option. Then, we derive the closed-form formula of the external-chained barrier option with exponential barriers immediately.
In SDE (2.2), S t and Z t have the following geometric Brownian motion.
(4.1)
2 )
where r is the risk-free interest rate, σ is a positive constant, S t and Z t are underlying asset prices, and the barrier state variable, respectively, and W 
where a = 
The case of crossing a barrier
First, we derive the pricing formula for a down-and-out call option commencing at a random time when the barrier state variable reaches the upper exponential barrier U (t). If the barrier state process rises above U (t) and then goes below D(t) before the time of expiry T , the payoff of the option holder becomes zero, and its payoff is a call otherwise. Theorem 4.1. Let us consider a down-and-out external barrier call option, which is activated at time τ = min{t > 0 : Z t = U (t)}. For t * < τ , the price of the external-chained barrier option activated at time τ is described by
25).
Proof. Under the risk-neutral measure, the expectation representation of the knock-out external barrier call option price at time t * < τ
If we define a process
Also, let us define a processH t , t ∈ [0, T ], defined by the formulã
Using the reflection principle, the processH t also follows a standard Brownian motion under Q and from the definition of H t , (4.5) and (4.6), (4.4) leads to
Let us again define an equivalent probability measureP * by setting
so that the processW z * t
follows a standard Brownian motion underP
* . Using the definition of H t andH t mentioned above, we defineW
Then, (4.7) leads to
. Now, let us defineZ t satisfying following SDE:
Then, from the definition of G t and d(t) in (4.2), we obtainG t = 1 σ * ln
. To compute the conditional expectation of (4.10), we review the external barrier call option mentioned in Section 2 where the terminal payoff depends on the payoff state variable S t , and knock-out occurs when the barrier state variableZ t breaches the upstream exponential barrier
. From (4.9) and SDE (4.11), for t < τ , we have (4.12)Z t = Z t e −2ξ1t , and the price of this up-and-out call option with an external barrier variablẽ Z t and the upstream exponential barrierD(t) =
where the closed formula ofP (t * , s,z) is given by (2.25). Finally, from the definition ofG andd stated above, the equation (4.10) yields e −r(T −t * ) e 2a (μ * −ξ 1 ) σ * (4.14)
However, becauseP (t * , s, z e −2ξ1t * ) is the up-and-out call option with an external barrier in (4.13), from (2.25), we obtain the desired closed-form formula of DOC u given by (4.3).
Case of crossing two barriers
This subsection considers barrier options activated in the event that the barrier state variable crosses two barrier levels successively in a specified order. Alternatively, we derive the pricing formula for an up-and-out call option created when the external barrier state variable hits the lower exponential barrier D(t) after hitting the upper exponential barrier U (t). The payoff value of the option is zero if the barrier state process increases above U (t), then falls below D(t), and then rises above U (t) before expiration time T , and its payoff is a call otherwise. Theorem 4.2. Let us consider an up-and-out external barrier call option that is activated at time τ 2 = min {t > τ 1 : Z t = D(t), τ 1 = min {t > 0 : Z t = U (t)}}. Then, for t * < τ 1 , the price of the external-chained barrier option activated at time τ 2 is given by
, and U (t) = Ae ξ1t and D(t) = Be ξ2t are the upper and lower exponential barriers, respectively, satisfying A > V (0) > B, where ξ 1 ≥ ξ 2 .
Proof. First, under the risk-neutral measure, the price of the up-and-out call option at time t < τ 1 is given by
t is a standard Brownian motion under the measure Q so that Q is defined by
and k(t) = (ξ2−ξ1) σv t + b. Similar to Section 4.1, we consider a processH(t), ∈ [0, T ] defined by the formula
and the reflection principle implies that the processH(t) is a Brownian motion under Q. Hence, (4.17) leads to
Additionally, we introduce a process L t so that L t =H t + (ξ2−ξ1) σ * t is a standard Brownian motion under the measure R, defined by
Then, (4.20) yields e −r(T −t * )+2a
where Λ 1 and Λ 2 in (4.22) and (4.23) are described by (4.24)
respectively. To compute the expectation under the measure R in (4.23), we consider a processL t , t ∈ [0, T ] defined by the formula
Using the reflection principle, the processL t is a standard Brownian motion under R, and (4.23) leads to e −r(T −t * ) e 2a (μ * −ξ 1 ) σ * Similar to Section 4.1, to compute the expectation of (4.31), we considerẐ t satisfying the following SDE:
From the definition of G t and u(t) in (4.2), we haveĜ t = . Then, we review the price of the external up-and-out barrier call option given bŷ P (t * , s,ẑ) (4.33) = EP * e −r(T −t * ) (S T − K) + 1 {max0≤γ≤t(Ẑγ−Û(γ))<0} |S t * = s,Ẑ t * =ẑ , where the terminal payoff depends on the payoff state variable S t , and knockout occurs when the barrier state variableZ t breaches the upstream exponential barrierÛ (t) = A 2 B 2 U (t). Then, the closed-form solution ofP (t, s,ẑ) is described by (2.25).
For t < τ 1 , becauseẐ t = Z 0 exp (μ * t + σ * Ŵ z * t ), (4.34)Ẑ t = Z t e Therefore, becauseP (t * , s, z e 2(ξ2−ξ1)t * ) is the up-and-out call option with the external barrier given by (2.25), the desired closed formula of U OC ud given by (4.16) is derived.
External-chained double-barrier options with curved barriers
This section derives the semi-analytic solution of the double-barrier options where monitoring of a double-barrier starts at the time when the barrier state variable first crosses one exponential barrier or two exponential barriers in a specified order. To derive the pricing formula of the external-chained doublebarrier option, as in the case in Section 4, we use the closed formula of the external double-barrier call option mentioned in Section 3. In a similar way to Section 4, we substitute the expectation representation of the external-chained double-barrier option for the expectation form of the external double-barrier call option and then find the semi-analytic form formula of the external-chained double-barrier option price with exponential barriers directly.
Case of crossing an exponential barrier: External double-barrier option
This subsection considers the pricing formula for an external double knockout barrier option starting at a random time when the barrier state variable reaches the upper exponential barrier U (t). Let us consider an external double knock-out barrier call option (EDKC u ) activated at time τ = min {t > 0 : Z t = U (t)}. Then, the expectation representation of the external double knock-out barrier call option is described by EDKC u (t, s, z) , where J(t, s, z) is the solution of the unrestricted PDE defined by (3.4), and the closed solution is described by (3.5) andk z,δ = 2(−r+σ * 2 +(n+1)ξ2−nξ1) σ * 2 .
Proof. Using the same procedure as in Section 4.1, under a probability measurẽ P * , EDKC u (t * , s, z) 
